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1 Introduction
A (closed) surface embedded in the Euclidean space inherits a conformal
structure so it is a Riemann surface. This is the easiest way to present
examples of Riemann surfaces. In 1882, F. Klein asked the following question
([K1]): is every Riemann surface conformally equivalent to an embedded
surface in the Euclidean space?. The positive answer was given by A. Garsia
in 1960, [G]. Several generalizations have been produced in [R1] and [Ko],
[Ko2], [Ko3].
In the study of moduli spaces of Riemann surfaces, the surfaces with au-
tomorphisms play an important roˆle: the branch loci for the orbifold struc-
ture of the moduli space consists of such type of surfaces. A classical and
easy method to present examples of Riemann surfaces with automorphisms
is to consider embedded surfaces in the Euclidean space that are invariant
by isometries. R. Ru¨edy in [R2] describes the automorphisms of compact
Riemann surfaces that can be represented by rotations of the space acting on
embedded surfaces. Later, in [C], the anticonformal automorphisms of Rie-
mann surfaces representable by isometries on embedded Riemann surfaces
were completely characterized. Now we are interested in the presentation
and visualization of automorphisms of Riemann surfaces with boundary as
embedded surfaces.
In order to consider bordered surfaces we shall use the theory of Klein
surfaces. A compact bordered (with non-empty boundary) orientable Klein
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surface is a compact bordered and orientable surface endowed with a diana-
lytic structure. Let S be a bordered orientable Klein surface and p a prime.
Assume that f is an order p automorphism of S. In this work we obtain
the conditions on the topological type of (S, f) to be conformally equivalent
to (S′, f ′) where S′ is a bordered orientable Klein surface embedded in the
Euclidean space and f ′ is the restriction to S′ of a prime order rotation.
The boundary of S′ is a link in R3 and S′ is a Seifert surface of ∂S′. Since
the Klein structure follows from a result in [Ko], the main difficulty for our
task is the topological realization (Lemma 5).
Our results can help to visualize some automorphisms of Riemann sur-
faces that are not easy to see representing such automorphisms as restrictions
of isometries of S4 or R4. In Section 3 we represent two famous automor-
phisms using this method: the order seven automorphisms of the Klein
quartic and the Wiman surface.
2 Prime order automorphisms of Klein surfaces
representable by rotations
A bordered orientable Klein surface is a compact surface with non-empty
boundary endowed with a dianalytic structure, i.e. an equivalence class of
dianalytic atlases. A dianalytic atlas is a set of complex charts with analytic
or antianalytic transition maps (see [AG]). If S is an orientable Klein surface
with genus g and k boundary components, there is a complex double Ŝ of
S that is a Riemann surface with genus ĝ = 2g + k − 1. An automorphism
f of S is an (auto)-homeomorphism of S such that locally on each chart of
S is analytic or antianalytic. If ĝ > 1 then the automorphism f has finite
order. Thus we shall assume ĝ > 1 and the orientability of the surfaces.
Let S and S′ be bordered orientable Klein surfaces that are homeomor-
phic and let f, f ′ be automorphisms of S and S′ respectively. We say that
f and f ′ are topologically equivalent or have the same topological type if
there is a homeomorphism h : S → S′, such that f = h−1 ◦ f ′ ◦ h.
Two automorphims topologically equivalent have the same order and
the same number of fixed points. To avoid technical complications we shall
consider automorphisms of prime order p > 2. In order to describe the
topological types of automorphisms of bordered orientable Klein surfaces
we need two sets of invariants.
Definition 1 Rotation indexes for the fixed points of an automorphism.
Let S be a bordered orientable Klein surface and f be an automorphism of
2
S of prime order p. Assume S is oriented. Let {x1, ..., xr} be the set of
fixed points of f . Let D1,...,Dr be a set of disjoint discs in S such that
xj ∈ Dj . There are charts cj : Dj → C of S (sending the orientation of
Dj on the canonical orientation of C) such that cj ◦ f ◦ c
−1
j : cj(Dj) →
cj(Dj) is z → e
2piiqj/p, −p/2 < qj < p/2. The set of rotation indexes
{ǫ2q1π/p, ..., ǫ2qrπ/p}, with ǫ = 1 or −1, is an invariant for the topological
type of f .
Definition 2 Rotation indexes for the boundary components. Let S be a
bordered orientable Klein surface and f be an automorphism of S of order p.
Let {C1, ..., Ck} be the set of boundary connected components of S. Assume
that S is oriented. There are homeomorphisms hj : Cj → S
1 = {z ∈ C :
‖z‖ = 1} preserving the orientation of Cj induced by the orientation of S
such that hj ◦ f ◦ h
−1
j : hj(Dj)→ hj(Dj) is z → e
2piiqj/p, −p/2 < qj < p/2.
The set of rotation indexes {ǫ2q1π/p, ..., ǫ2qkπ/p}, with ǫ = 1 or −1, is an
invariant for the topological type of f .
The fact of S be a Klein surface does not give an orientation to S then the
sets {2q1π/p, ..., 2qkπ/p} and {−2q1π/p, ...,−2qkπ/p} must be considered
equal.
Theorem 3 (Classification of automorphisms of Klein surfaces [Y])
Let f and f ′ two orientation preserving automorphisms of prime order p of
two homeomorphic bordered orientable Klein surfaces. The automorphisms
f and f ′ are topologically equivalent if and only if the set of rotation indexes
for the fixed points and the boundary components of f are equal to the set
of rotation indexes for the fixed points and the boundary components of f ′.
Let S be a bordered orientable surface embedded in the Euclidean space.
The Euclidean metric induces a structure of Klein surface on S. If ρ is
a rotation in the space and S is invariant by ρ, ρ restricted to S is an
automorphism ρS of the Klein surface S. If h : S → K is an isomorphism
between Klein surfaces the automorphism h ◦ ρS ◦ h
−1 is an automorphism
representable as a rotation.
Theorem 4 Let f be an automorphism of prime order p of a bordered ori-
entable Klein surface (we consider that f is orientation preserving if p = 2).
The automorphism f is representable as a rotation if and only if the set of
rotation indices of fixed points of f is contained in {±2qπ/p}, for some q
such that 0 < q < p/2.
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Note that there are no restriction on the rotation indices of boundary
components.
If f is representable as a rotation of angle 2qπ/p then it is necessary that
the rotation indices of the fixed points of f are 2qπ/p or −2qπ/p. For the
sufficiency in the Theorem first we need a topological construction that we
shall present in the following Lemma.
Lemma 5 (Topological construction) Let S be a bordered orientable com-
pact surface and h be an autohomeomorphism of S with order p where p is
a prime (if p = 2 we assume also that h is orientation preserving). Assume
that the rotation index of every fixed point of h is equal to ±2piqp , where
0 < q < q/2. Hence there is a surface Σ embedded in R3 such that Σ is
equivariant under a rotation ρ of angle 2piqp and (S, h) is topologically equiv-
alent to (Σ, ρ).
Proof. Consider S/ 〈h〉 the orbit surface. Assume that S/ 〈h〉 has genus g
and t + l boundary components and the quotient orbifold O(S/ 〈h〉) has r
conic points. Let ω : π1O(S/ 〈h〉) → Cp = 〈γ〉 be the monodromy epimor-
phism of the branched covering S → S/ 〈h〉. Corresponding to ω, there is a
canonical presentation of π1O(S/ 〈h〉):
π1O(S/ 〈h〉) =
〈
ai, bi, xi, ei, ci : Π[ai, bi]ΠxiΠei = 1, x
p
i = 1, eicie
−1
i ci = 1, c
2
i = 1
〉
such that: ω(ai) = ω(bi) = ω(ci) = 1, ω(xj) = γ
q, j = 1, ..., n, ω(xj) =
γp−q, j = n + 1, ..., r, ω(ej) = γ
qj , j = 1, ..., t, 0 < qi < p, ω(ej) = 1,
j = t + 1, ..., t + l. That means there are n fixed points of h with rotation
index 2piqp and r − n fixed points of h with rotation index −
2piq
p and the
rotation index of the boundary component Ci of S/ 〈h〉 corresponding to ei
is 2piqip .
Consider the usual orientation of R3 with Oz oriented in the increasing
way of z. Consider r discs Di, i = 1, ...r
Di = {(x, y, i) : ‖(x, y)‖ ≤ 1}
Assume that Di has the orientation producing in ∂Di an orientation such
that the linking number with Oz is:
Lk(∂Di, Oz) = 1, i = 1, ..., n
Lk(∂Di, Oz) = −1, i = n+ 1, ..., r
Consider in
Rm = {(x, y, z) ∈ R
3 : −m− 1 < z < −m}
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form ∈ {1, ..., t−1}, an embedded oriented annulus Cm such that Cm∩Oz =
∅, ∂Cm = C
+
m ∪ C
−
m and
Lk(C−m, Oz) = qm
Let us connect Di with Di+1 by 1-handles bi, Ci with Ci+1 by 1-handles
hi (more precisely, C
+
i to C
+
i+1) and D1 with C1 by the 1-handle h (more
precisely, ∂D1 with C
+
1
) in such a way that:
S0 =
⊔
Di, Ci, bi, hi, h
is an embedded surface homeomorphic to a sphere with t holes. Furthermore
the 1-handles must connect the discs and the annuli such that S0 has an
orientation which induces onDi and Ci their desired orientations and S0∩Oz
are exactly the centers of the discs Di.
Let F be a surface with the topological type of genus g with l boundary
components and contained in
{(x, y, z) ∈ R3 : x > 2, z < −t}
and Y an annulus with the boundaries on the boundaries of discs ∆1 in S0
and ∆2 in F , and with Y ∩Oz = ∅. The surface (S0−∆1)⊔Y ⊔(F−∆1) will
be denotedM . Let f : R3 → R3/ 〈ρ〉 = R3 be the quotient map given by the
orbits of the rotation ρ of angle 2piqp around the axis Oz. The surface Σ that
we are looking for is f−1(M). Note that each boundary component C−j of
Cj remains as a boundary component of M , and since Lk(C
−
j , Oz) = qj, the
action of the rotation ρ on f−1(C−j ) is equivalent to the action of z → e
2piiqj/p
on the unit cicle in complex plane.
Proof of the Theorem. Let (Σ, ρ) be a topological realization of (S, h)
given by the Lemma above. Using [Ko] we can deform Σ/ 〈ρ〉 to an embedded
surface Σ′ that is conformally equivalent to S/ 〈h〉, and since the deformation
can be chosen very close to Σ/ 〈ρ〉, we can consider that Σ′ ∩ OZ = ∅. If
f : R3 → R3/ 〈ρ〉 = R3, f−1(Σ′) is the surface that we are looking for.
Remark 6 It is possible to extend the results in this Section to automor-
phisms of Klein surfaces with boundary orientable or not. The result ob-
tained in that situation is as follows: Let f be an automorphism of prime
order p of a bordered Klein surface. The automorphism f is representable
as a rotation if and only if the rotation indices of fixed points of f are all
equal to 2qπ/p, for some q such that 0 < q < p/2.
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Figure 1: An annulus Cm with qm = 3
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Figure 2: Example of S0
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3 Examples: visualizing two famous automorphisms
of order seven.
3.1 The order seven automorphism of the Klein quartic
In [K2], F. Klein introduces the a Riemann surface SK of genus 3 with
automophisms group isomorphic to PSL(2, 7). As the title of [K2] suggests
the automorphisms of order seven of SK have a special importance and Klein
remarks that such an automorphism cannot be represented as the restriction
of a rotation on an embedded surface in the Euclidean space.
The surface SK is described as the quartic x
3y+ y3z+ z3x = 0 with the
order seven automorphism f :
x→ ζx, y → ζ2y, z → ζ4z, where ζ = e2pii/7.
The orbit space SK/ 〈f〉 is the Riemann sphere and SK → SK/ 〈f〉 is a
cyclic covering branched on three points, i. e. the automorphism f has three
fixed points: p1, p2 and p3. Let D1, D2 and D3 be three disjoint discs in SK
around p1, p2 and p3 respectively and we shall consider that Di is equivariant
by the action of f . Assume that the action of f on D1 is equivalent to the
rotation z → ζz, on D2 is equivalent to the rotation z → ζ
2z and on D3 is
equivalent to the rotation z → ζ4z.
Now consider the bordered orientable Klein surface BK = SK−
◦
D2∪
◦
D3.
Then (BK , f) is representable by a rotation, i. e., BK is isomorphic to a
surface B′K that is embedded in the Euclidean space in such a way that f
produces on B′K the restriction of a rotation of order seven ρ. The Figure 3
shows the surface B′K and has been constructed using the method in Section
2. Note that the surface in the Figure 3 is topologically equivalent to (BK , f)
and the rotation indices in the fixed points and boundaries coincide.
Consider S4 as two dimension 4 balls B1, B2 such that ∂B1 = ∂B2. The
surface B′K is inside the tridimensional sphere ∂B1 = ∂B2 in such a way
that the rotation giving the order seven automorphism is the restriction of
a rotation of S4. Let C1 and C2 be the boundary components of BK . The
cone on C1 from the center c1 of B1 and the cone on C2 from the center c2
of B2, produce a genus 3 surface S
′
K immersed in S
4. There is a rotation r
of S4 leaving invariant S′K and such that (S
′
K , r) is topologically equivalent
to (SK , f).
Furthermore, since S′K−{c1, c2}/ 〈r〉 is a sphere without two points then
the conformal structure inherited from S4/ 〈r〉 is conformally equivalent to
the Riemann sphere without two points. Such structure of S′K−{c1, c2}/ 〈r〉
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Figure 3: The order seven automorphism of the Klein quartic without two
discs embedded in the Euclidean space
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lifts in a unique equivariant way to S′K − {c1, c2}. Hence the surface S
′
K −
{c1, c2} with the conformal structure given by S
4 is conformally equivalent
to the Klein quartic without two points, so in this case is not necessary to
deform the surface using [Ko].
3.2 The order seven automorphism of the Wiman surface of
genus 3
There is only one Riemann surface of genus 3 and with an automorphism of
order 7 different from the Klein quartic. This is the genus 3 Wiman surface
SA: w
2 = z7−1 [W]. In this case the order seven automorphism fA has also
three fixed points: p1, p2 and p3. Let D1, D2 and D3 be three disjoint discs
in SA around p1, p2 and p3 respectively and Di is equivariant by the action
of fA. The action of fA on D1 is equivalent to the rotation z → ζz, on D2
is equivalent to the rotation z → ζz and on D3 is equivalent to the rotation
z → ζ5z. The surface BA = SA −
◦
D3 is homeomorphic to a surface B
′
A
that is embedded in the Euclidean space in such a way that fA induces on
B′A the restriction of a rotation: see the Figure 4. In fact BA is the Seifert
surface of minimal genus of the link of the singularity w2 − z7 = 0, that is
the torus knot (2, 7).
Let B be the unit ball of R4 with center in 0. Consider B′A in the
tridimensional sphere ∂B in such a way that the rotation giving the order
seven automorphism is the restriction of a rotation of R4. Let C be the
boundary of BA. The cone on C from 0, produces a genus 3 surface S
′
A
immersed in R4. There is a rotation r of R4 leaving invariant S′A and such
that (S′A, r) is topologically equivalent to (SA, f).
Furthermore, and since S′A → S
′
A/ 〈r〉 has three branched points, the
surface S′K −{0} with the conformal structure induced by R
4 is conformally
equivalent to the Wiman surface of genus 3 without one point. Note that
there is an automorphism of order two h in S′K−{0} permuting the two fixed
points of the automorphism of order seven and with seven fixed points. The
automorphism h can be represented also by a rotation indicating that the
surface SK is hyperelliptic and the product h◦r is the Wiman automorphism
of order 14 of SK .
Acknowlegments. We wish to thank Le Fonds National Suisse de la
Recherche Scientifique for its support.
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Figure 4: The order seven automorphism of the punctured Wiman surface
embedded in the Euclidean space
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